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TRACE FUNCTIONS OF THE PARAFERMION VERTEX OPERATOR
ALGEBRAS
CHONGYING DONG, VICTOR KAC, AND LI REN
Abstract. The trace functions for the Parafermion vertex operator algebra associated
to any finite dimensional simple Lie algebra g and any positive integer k are studied and
an explicit modular transformation formula of the trace functions is obtained.
1. Introduction
This paper is a continuation of our study of the Parafermion vertex operator algebra
K(g, k) associated to any finite dimensional simple Lie algebra g and positive integer k.
In particular, we determine the modular transformation formula of the trace functions for
the Parafermion vertex operator algebras.
The Parafermion vertex operator algebra K(g, k) is the commutant of the Heisenberg
vertex operator algebra M
ĥ
(k) in the affine vertex operator algebra Lĝ(k, 0), and can also
be regarded as the commutant of the lattice vertex operator algebra V√kQL in Lĝ(k, 0)
where QL is the lattice spanned by the long roots of g. While the C2-cofiniteness of
the Parafermion vertex operator algebras was proved in [20] and [2], the rationality was
established in [17] with the help of a result in [5] on the abelian orbifolds for rational and
C2-cofinite vertex operator algebras. The irreducible modules of K(g, k) were classified
in [2] for g = sl2 and in [17], [1] for general g, and the fusion rules were computed in [22]
for sl2 and in [1] for general g with the help of quantum dimensions. See recent work in
[6], [7], [19], [22], [3] and [28] for other topics on Parafermion vertex operator algebras.
The trace functions ZM(v, τ) are the main objects in this paper where M is an irre-
ducible K(g, k)-module and v ∈ K(g, k). Since K(g, k) is rational and C2-cofinite, the
space spanned by ZM(v, τ) for the irreducible modules M affords a representation of the
modular group SL2(Z) [36]. Our goal is to determine this representation explicitly. The
irreducible K(g, k)-modules are labeled by MΛ,λ. Here Λ is a dominant weight of g such
that 〈Λ, θ〉 ≤ k, 〈, 〉 is the normalized invariant bilinear form on g so that the squared
length of a long root is 2, θ is the maximal root, λ ∈ Λ + Q modulo kQL and Q is the
root lattice. In the case v = 1 the functions χMΛ,λ(τ) are a special kind of branching
functions studied previously in [29], [30]. Moreover, χMΛ,λ(τ)/η(τ)
l is the string function
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in [29], [30] where l is the rank of g. In fact, explicit modular transformation formulas for
branching functions were obtained in [29]. Our main result in this paper is that the same
transformation formula for the branching functions is valid for the trace function with 1
replaced by any v ∈ K(g, k).
The main idea is to use the modular transformation formulas for the affine vertex oper-
ator algebra Lĝ(k, 0) and lattice vertex operator algebras V√kQL. There are two modular
transformation formulas for the affine vertex operator algebra Lĝ(k, 0) given in [29] explic-
itly and [36] abstractly. Using a transformation formula for the abstract theta functions
studied in [31], [35], one can easily show that these two transformation formulas are the
same. Unfortunately, this can only give the modular transformation formula for the char-
acter χMΛ,λ(τ), not for the one point function ZMΛ,λ(v, τ). Again,results in [31] on abstract
theta functions including some vector w help us to solve the problem. To explain what
kind of vector w is, we recall from [16] that if V = ⊕n≥0Vn is a rational , C2-cofinite,
simple vertex operator algebra of CFT type, then V1 is a reductive Lie algebra whose
rank (the dimension of a Cartan subalgebra) is less than or equal to the central charge.
Fix a Cartan subalgebra h of V1, vector w satisfies conditions hnw = 0 for all h ∈ h and
n ≥ 0. In the case V = Lĝ(k, 0), the condition is exactly equivalent to w ∈ K(g, k). The
rest of the proof is similar to that given in [29] for the branching functions.
The paper is organized as follows: We review basics on vertex operator algebras and
their modules in Section 2 including rationality, C2-cofiniteness and modular transforma-
tion results on the trace functions associated to a rational and C2-cofinite vertex operator
algebra V. Following [35] and [31], we discuss Section 3 the modular transformation for-
mula for generalized theta functions χi(w, v, q) = trM io(w)e
2piio(v)qL(0)−c/24 where M i is
an irreducible V -module and v ∈ h and w is defined as before. In Section 4 we discuss the
affine vertex operator algebras Lĝ(k, 0) and the modular transformation formula of the
specialized characters of the level k integrable highest weight modules for the the affine
Kac-Moody algebra ĝ. We recall the various known results on the Parafermion vertex op-
erator algebraK(g, k) such as rationality and classification of irreducible modules. Section
6 deals with the modular transformation formula for the 1 point function ZMΛ,λ(v, τ). The
T -matrix is easy and the most effort is on the S-matrix. The idea and method for finding
the S-matrix is similar to that in [29] and [30].
2. Basics
In this section we review the basic on vertex operator algebra. Let V = (V, Y, 1, ω) be
a vertex operator algebra (cf. [4] and [25]).
A vertex operator algebra V is of CFT type if V is simple, with respect to L(0) one has
V = ⊕n≥0Vn and V0 = C1 [12].
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A vertex operator algebra V is called C2-cofinite if dimV/C2(V ) < ∞ where C2(V ) is
the subspace of V spanned by u−2v for u, v ∈ V [36].
A weak V -module M = (M,YM) is a vector space equipped with a linear map
YM : V → (EndM)[[z−1, z]]
v 7→ YM(v, z) =
∑
n∈Z
vnz
−n−1 (vn ∈ EndM) for v ∈ V
satisfying the following conditions for u, v ∈ V , w ∈M :
vnw = 0 for n ∈ Z sufficiently large;
YM(1, z) = 1;
z−10 δ
(
z1 − z2
z0
)
YM(u, z1)YM(v, z2)− z−10 δ
(
z2 − z1
−z0
)
YM(v, z2)YM(u, z1)
= z−12 δ
(
z1 − z0
z2
)
YM(Y (u, z0)v, z2).
An (ordinary) V -module is a weak V -module M which is C-graded
M =
⊕
λ∈C
Mλ
such that dimMλ is finite and Mλ+n = 0 for fixed λ and n ∈ Z small enough, where Mλ
is the eigenspace for L(0) with eigenvalue λ :
L(0)w = λw, w ∈Mλ.
Let M be an ordinary V -module. We denote vn−1 by o(v) for v ∈ Vn and extend to V
linearly. Then o(v)Mλ ⊂Mλ for all λ ∈ C.
An admissible V -module is a weak V -module M which carries a Z+-grading
M =
⊕
n∈Z+
M(n)
(Z+ is the set all nonnegative integers) such that if r,m ∈ Z, n ∈ Z+ and a ∈ Vr then
amM(n) ⊆M(r + n−m− 1).
Note that any ordinary module is an admissible module.
A vertex operator algebra V is called rational if any admissible module is a direct sum
of irreducible admissible modules [9].
The following result is proved in [10] and [11].
Theorem 2.1. Assume that V is rational.
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(1) There are only finitely many inequivalent irreducible admissible modules V = M0, ...,Mp
and each irreducible admissible module is an ordinary module. Each M i has weight space
decomposition
M i =
⊕
n≥0
M iλi+n
where λi ∈ C is a complex number such that M iλi 6= 0 and M iλi+n is the eigenspace of L(0)
with eigenvalue λi + n. The λi is called the weight of M
i.
(2) If V is both rational and C2-cofinite, then λi and central charge c are rational
numbers.
In the rest of this paper we assume that V is a strong rational vertex operator algebra.
That is V satisfies the following:
(V1) V = ⊕n≥0Vn is a simple vertex operator algebra of CFT type,
(V2) V is C2-cofinite and rational,
(V3) The conformal weights λi are nonnegative and λi = 0 if and only if i = 0.
Using the assumption (V3) we know that V and its contragredient module V ′ [24] are
isomorphic V -modules. From [16] we know V1 is a reductive Lie algebra with [u, v] = u0v
for u, v ∈ V1. Moreover, the rank V1 is less than or equal to the central charge c of V.
For any u ∈ V1, u0 is a derivation of V in the sense that [u0, Y (v, z)] = Y (u0v, z) for any
v ∈ V and u0ω = 0. Furthermore, eu0 is an automorphism of V.
Recall from [24] that a bilinear from (·, ·) on V is called invariant if
(Y (u, z)v, w) = (u, Y (ezL(1)(−z−2)L(0)v, z−1)w)
for u, v, w ∈ V. From our assumptions there is unique nondegenerate invariant bilinear
form on V [33]. We shall fix a bilinear form (·, ·) on V so that (u, v) = u1v for u, v ∈ V1.
It is clear from the definition that (gu, gv) = (u, v) for any automorphism g and u, v ∈ V1.
The modular transformations of trace functions of irreducible modules of vertex oper-
ator algebras [36] are of main importance in this paper. Another vertex operator algebra
structure (V, Y [·, z], 1, ω − c/24) is defined on V in [36] with grading
V =
⊕
n≥0
V[n].
For v ∈ V[n] we write wt[v] = n. For i = 0, ..., p we set
Zi(v, q) = trM io(v)q
L(0)−c/24
which is a formal power series in variable q. The Zi(1, q) which is also denoted by chqM
i
is called the q-character of M i.
The series Zi(v, q) converges to a holomorphic function Zi(v, τ) on H = {τ ∈ C | Im τ >
0} where q = e2piiτ with τ ∈ H [36].
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Recall the modular group SL2(Z) and let γ =
(
a b
c d
)
∈ SL2(Z).
Theorem 2.2. Let V be a strong rational vertex operator algebra.
(1) There is a group homomorphism ρ : SL2(Z) → GLp+1(C) with ρ(γ) = (γij) such
that for any 0 ≤ i ≤ p and v ∈ V,
Zi(v,
aτ + b
cτ + d
) = (cτ + d)wt[v]
p∑
j=0
γijZj(v, τ).
(2) Each Zi(v, τ) is a modular form of weight wt[v] over a congruence subgroup.
Part (1) of the Theorem was obtained in [36] and Part (2) was established in [13]. The
matrices
S = ρV
([
0 −1
1 0
])
and T = ρV
([
1 1
0 1
])
.
are respectively called the genus one S- and T -matrices of V .
3. Modular invariance of the generalized theta functions
We review the modular transformation formula of the theta functions defined on ver-
tex operator algebra given in [35] and [31] for studying the modular invariance of trace
functions for the parafermion vertex operator algebras.
Recall that V1 is a reductive Lie algebra. We fix a Cartan subalgebra h of V1. Then
the abelian Lie algebra h acts on M i semsimply for all i. Following [35], we define the
generalized theta functions as
Ti(v, u, q) = trM ie
2pii(v0+(u,v)/2)qL(0)+u0+(u,u)/2−c/24
for u, v ∈ h. The bilinear form on V1 used in [35] is the negative of the bilinear form used
in this paper. So our Ti(v, u, q) defined here is exactly the ZM i(v, u, q) in [35]. Based on
Theorem 2.2, a modular transformation law was obtained in [35] with the convergence of
Zi(v, u, q) proved in [14].
Theorem 3.1. Let u, v ∈ h and γ =
(
a b
c d
)
∈ SL2(Z). Then Ti(v, u, q) converges to
a holomorphic function in the upper half plane with q = e2piiτ and
Ti(v, u,
aτ + b
cτ + d
) =
p∑
j=0
γijTj(dv + bu, cv + au, τ)
where γij is the same as in Theorem 2.2.
Set χi(v, τ) = Ti(v, 0, τ). Using Theorem 3.1 one can easily show the following result
[14].
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Proposition 3.2. Assume that V is a strong rational vertex operator algebra. Then for
γ =
(
a b
c d
)
∈ SL2(Z), v ∈ h
χs(
v
cτ + d
,
aτ + b
cτ + d
) = epii(c(v,v)/(cτ+d))
p∑
j=0
γsjχj(v, τ).
As usual we set o(w) = wwtw−1 for homogeneous w ∈ V and extend to whole V. Now
take w ∈ V such that hnw = 0 for all h ∈ h and n ≥ 0. Also define
χi(w, v, q) = trM io(w)e
2piio(v)qL(0)−c/24.
The following result [31] generalizes Proposition 3.2.
Theorem 3.3. Let v ∈ h. We assume that χi(w, v, q) converges to a holomorphic function
χi(w, v, τ) in H with q = e
2piiτ for any v ∈ h. Then for γ =
(
a b
c d
)
∈ SL2(Z),
χi(w,
v
cτ + d
,
aτ + b
cτ + d
) = (cτ + d)wt[v]e
piic(v,v)
cτ+d
p∑
j=0
γijχj(w, v, τ).
4. Affine vertex operator algebras
In this section we discuss the affine vertex operator algebra Lĝ(k, 0) associated to the
level k integrable highest weight module for affine Kac-Moody algebra ĝ and its irreducible
modules.
Let g be a finite dimensional simple Lie algebra with a Cartan subalgebra h.We denote
the corresponding root system by ∆ and the root lattice by Q. Fix an invariant symmetric
nondegenerate bilinear form 〈, 〉 on g such that 〈α, α〉 = 2 if α is a long root, where we
have identified h with h∗ via 〈, 〉. We denote the image of α ∈ h∗ in h by tα. That is,
α(h) = 〈tα, h〉 for any h ∈ h. Fix simple roots {α1, ..., αl} and let ∆+ be the set of
corresponding positive roots. Denote the highest root by θ, and the Weyl group by W.
Also let ρ be the half sum of positive roots.
Recall that the weight lattice P of g consists of λ ∈ h∗ such that 2〈λ,α〉〈α,α〉 ∈ Z for all α ∈ ∆.
It is well-known that P =
⊕l
i=1 ZΛi where Λi are the fundamental weights defined by the
equation
2〈Λi,αj〉
〈αj ,αj〉 = δi,j for 1 ≤ i, j ≤ l. Let P+ be the subset of P consisting of the dominant
weight Λ ∈ P in the sense that 2〈Λ,αj 〉〈αj ,αj〉 is nonnegative for all j. For any nonnegative integer
k we also let P k+ be the subset of P+ consisting of Λ satisfying 〈Λ, θ〉 ≤ k.
Let Q =
∑l
i=1 Zαi be the root lattice and QL be the sublattice of Q spanned by the
long roots. Recall that the dual lattice Q◦L consists λ ∈ h∗ such that 〈λ, α〉 ∈ Z for all
α ∈ QL. Then P is the dual lattice of QL [1].
PARAFERMION VERTEX OPERATOR ALGEBRAS 7
Let ĝ = g⊗ C[t, t−1]⊕ CK be the affine Lie algebra. Fix a nonnegative integer k. For
any Λ ∈ P k+ let L(Λ) be the irreducible highest weight g-module with highest weight Λ
and Lĝ(k,Λ) be the unique irreducible ĝ-module such that Lĝ(k,Λ) is generated by L(Λ)
and g⊗ tnL(Λ) = 0 for t > 0 and K acts as constant k. The following result is well known
(cf. [26],[32]):
Theorem 4.1. The Lĝ(k, 0) is a simple, rational and C2-cofinite vertex operator algebra
with central charge k dim g
k+h∨ and whose irreducible modules are Lĝ(k,Λ) for Λ ∈ P k+ and the
weight nΛ of Lĝ(k,Λ) is
〈Λ+2ρ,Λ〉
2(k+h∨) where ρ =
∑l
i=1 Λi and h
∨ is the dual Coxeter number.
Note that Lĝ(k,Λ) has a decomposition with respect to the action of h :
Lĝ(k,Λ) = ⊕λ∈Λ+QLĝ(k,Λ)(λ) (5.1)
where h(0) acts on Lĝ(k,Λ)(λ) as constant λ(h) = 〈λ, h〉 for h ∈ h. Following [29], define
the character
χΛ(h, τ) = trLĝ(k,Λ)e
2piih(0)qL(0)−c/24
for h ∈ h. Note that the character defined in [29] has an extra factor e2piiku with u being
a complex number. This extra factor makes the modular transformation formula more
beautiful. But from the point of view of vertex operator algebra, this extra factor is not
necessary. From [29] we have
Theorem 4.2. Let g and k be as before.
(1) {χΛ(h, τ)|Λ ∈ P k+} are linearly independent functions on h×H.
(2) For Λ,Λ′ ∈ P k+, set
SΛ,Λ′ = i
|∆+||P/(k + h∨)QL|−1/2
∑
w∈W
(−1)l(w)e− 2piik+h∨ 〈w(Λ+ρ),Λ′+ρ〉
where l(w) is the length of w. Then
χΛ(
h
τ
,
−1
τ
) = epiik〈h,h〉/τ
∑
Λ′∈P k+
SΛ,Λ′χΛ′(h, τ).
Recall Theorem 2.2 and Proposition 3.2.
Lemma 4.3. The S-matrices in Theorem 2.2 and Theorem 4.2 are the same.
Proof. Let V = Lĝ(k, 0). Then V satisfies the assumptions in Theorem 2.2. Recall that we
have defined a bilinear form on V1 such that (u, v) = u1v. Let u = a(−1)1 and v = b(−1)1
for a, b ∈ g. Then (u, v) = a(1)b(−1)1 = k〈a, b〉. Identify Lie algebra V1 with g we see
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that (a, b) = k〈a, b〉. We denote the S-matrix in Theorem 2.2 by (SLĝ(k,Λ),Lĝ(k,Λ′)). Then
from Proposition 3.2 we know
χΛ(
h
τ
,
−1
τ
) = epiik〈h,h〉/τ
∑
Λ′∈P k+
SLĝ(k,Λ),Lĝ(k,Λ′)χΛ′(h, τ).
The result now is an immediate consequence of Theorem 4.2 (1). 
5. Parafermion vertex operator algebras
In this section we recall the definition of a parafermion vertex operator algebra K(g, k)
associated to any finite dimensional simple Lie algebra g and a positive integer k. We also
discuss some known results on K(g, k) from [17].
Let λi ∈ P such that λi = 〈θ,θ〉〈αi,αi〉Λi for i = 1, ..., l. Then 〈αi, λj〉 = δi,j for all i, j and
Q◦ =
⊕l
i=1 Zλi. The following result is immediate from the relation between Λi and λi.
Lemma 5.1. P/Q◦ is a group of order
|P/Q◦| =

1 Al, Dl, E6, E7, E8
2 Bl
2l−1 Cl
22 F4
3 G2
Lemma 5.2. For any simple Lie algebra g and any positive integer k, 1
k
P/Q◦ and Q/kQL
are dual groups, so that for any β ∈ Q, gβ(α) = e2pii〈β,α〉 defines an irreducible character
for 1
k
P/Q◦ In particular, 1
k
P/Q◦ and Q/kQL are isomorphic groups.
Proof. Clearly, gβ defines a irreducible character of
1
k
P/Q◦ as Q◦L = P. Also, gβ1 = gβ2 for
if and only if β1 − β2 ∈ kQL. So Q/kQL is a subgroup of the dual group of 1kP/Q◦. To
finish the proof, it is enough to show that |P/Q◦| = |Q/QL|. This is obvious if g is a Lie
algebra of type A,D,E. If g is a Lie algebra of other type, we verify the result case by
case using the root systems given in [27]. We have already known |P/Q◦| from Lemma
5.1. So we only need to compute |Q/QL|.
(1) Type Bl. Let E = R
l with the standard orthonormal basis {ǫ1, ..., ǫl}. Then
∆ = {±ǫi,±(ǫi ± ǫj)|i 6= j}.
Then Q =
∑l
i Zǫi and QL =
∑
i 6=j(Z(ǫi+ ǫj)+Z(ǫi− ǫj)). It is evident that 2Q ⊂ QL and
|Q/QL| = 2 with coset representatives 0 and ǫ1.
(2) Type Cl. In this case,
∆ = {±
√
2ǫi,± 1√
2
(ǫi ± ǫj)|i 6= j}.
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Then Q = 1√
2
∑
i 6=j(Z(ǫi + ǫj) + Z(ǫi − ǫj)) and QL =
√
2
∑l
i=1 Zǫi. Thus |Q/QL| = 2l−1
with coset representatives a1α1+a2α2+ · · ·+al−1αl−1 for ai = 0, 1 and αi = 1√2(ǫi− ǫi+1).
(3) Type F4. Let E = R
4. Then
∆ = {±ǫi,±(ǫi ± ǫj),±1
2
(ǫ1 ± ǫ2 ± ǫ3 ± ǫ4)|i 6= j}.
Then |Q/QL| = 22 with coset representatives aǫ3 + b12(ǫ1 − ǫ2 − ǫ3 − ǫ4) for a, b = 0, 1.
(4) Type G2. Let E be the subspace of R
3 orthogonal to ǫ1 + ǫ2 + ǫ3. Then
∆ = ± 1√
3
{ǫi − ǫj , 2ǫ1 − ǫ2 − ǫ3, 2ǫ2 − ǫ1 − ǫ3, 2ǫ3 − ǫ1 − ǫ2|i 6= j}.
Then |Q/QL| = 3 with coset representatives a 1√3(ǫ1 − ǫ2) for a = 0, 1, 2. The proof is
complete. 
Let M
ĥ
(k) be the vertex operator subalgebra of Lĝ(k, 0) generated by h(−1)1 for h ∈
h. For λ ∈ h∗, denote by M
ĥ
(k, λ) the irreducible highest weight module for ĥ with a
highest weight vector eλ such that h(0)eλ = λ(h)eλ for h ∈ h. The parafermion vertex
operator algebraK(g, k) is the commutant [26] ofM
ĥ
(k) in Lĝ(k, 0).We have the following
decomposition
Lĝ(k,Λ) =
⊕
λ∈Q+Λ
M
ĥ
(k, λ)⊗MΛ,λ =
⊕
α∈Q
M
ĥ
(k,Λ+ α)⊗MΛ,Λ+α (5.1)
asM
ĥ
(k)⊗K(g, k)-module. Moreover, M0,0 = K(g, k) andMΛ,λ is an irreducible K(g, k)-
module [17]. Recall equation (5.1). It is easy to see that
Lĝ(k,Λ)(λ) = Mĥ(k, λ)⊗MΛ,λ. (5.2)
It is proved in [21] that the lattice vertex operator algebra V√kQL is a vertex opera-
tor subalgebra of Lĝ(k, 0) and the parafermion vertex operator algebra K(g, k) is also a
commutant of V√kQL in Lĝ(k, 0). This gives us another decomposition
Lĝ(k,Λ) =
⊕
i∈Q/kQL
V√kQL+ 1√
k
(Λ+βi)
⊗MΛ,Λ+βi (5.3)
as modules for V√kQL ⊗K(g, k), where MΛ,λ is as before, Q = ∪i∈Q/kQL(kQL + βi), and
βi ∈ Q is a representative of i. Moreover, for any i ∈ Q/kQL, we have
V√kQL+ 1√
k
(Λ+βi)
⊗MΛ,Λ+βi =
⊕
α∈kQL
M
ĥ
(k,Λ + α + βi)⊗MΛ,Λ+α+βi
where we have used the isomorphism between K(g, k)-modules MΛ,Λ+α+βi and MΛ,Λ+βi
for any α ∈ kQL [17]. So for any h ∈ h, h(0) ∈ ĝ acts as
√
kh(0) or 〈h, kα + Λ + βi〉 on
e
√
kα+ 1√
k
(Λ+βi).
Let θ =
∑l
i=1 aiαi. According to [33],[34], if ai = 1 then Lĝ(k, kΛi) is a simple current
and Lĝ(k, kΛi) ⊠ Lĝ(k,Λ) = Lĝ(k,Λ
(i)) for any Λ ∈ P k+ where Λ(i) ∈ P k+ is uniquely
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determined by Λ and i. Then Lĝ(k,Λ) and Lĝ(k,Λ
(i)) are isomorphic K(g, k)-modules
[17].
Here are some main results on K(g, k) from [20], [2], [3], [17], [1].
Theorem 5.3. Let g be a simple Lie algebra and k a positive integer.
(1) The K(g, k) is a rational, simple and C2-cofinite vertex operator algebra of CFT
type.
(2) For any Λ ∈ P k+, λ ∈ Λ +Q and α ∈ QL, MΛ,λ = MΛ,λ+kα.
(3) For each i ∈ I, Λ ∈ P k+ there exists a unique Λ(i) ∈ P k+ such that for any λ ∈ Λ+Q,
MΛ,λ = MΛ
(i),λ+kΛi.
(4) Any irreducible K(g, k)-module is isomorphic to MΛ,λ for some Λ ∈ P k+ and λ ∈
Λ +Q.
(5) The K(g, k) has exactly
|P k+||Q/kQL|
|P/Q| inequivalent irreducible modules.
6. Trace functions for parafermion vertex operator algebras
In this section we determine the S-matrix for parafermion vertex operator algebra
K(g, k) associated to any finite dimensional simple Lie algebra g and positive integer k
from [17].
From decomposition (5.1) we have
χLĝ(k,Λ)(τ) =
∑
λ∈Q+Λ
χM
ĥ
(k,λ)(τ)χMΛ,λ(τ) =
∑
λ∈Q+Λ
q〈λ,λ〉/2k
η(τ)l
χMΛ,λ(τ)
where η(τ) = q1/24
∏
n≥1(1− qn). The
cΛλ (τ) = η(τ)
−lχMΛ,λ(τ)
is called the string function and χMΛ,λ(τ) is called the branching function denoted by b
Λ
λ (τ)
in [29]. The modular transformation formulas of branching functions were also given in
[29]:
Theorem 6.1. Let Λ ∈ P k+ and i ∈ Q/kQL. Then
(1) χMΛ,Λ+βi (τ + 1) = e
2pii(
〈Λ+2ρ,Λ〉
2(k+h∨) −
〈Λ+βi,Λ+βi〉
2k
− k dim g
24(k+h∨)+
l
24
)
χMΛ,Λ+βi (τ),
(2) χMΛ,Λ+βi (
−1
τ
) =
∑
Λ′∈P k+,j∈Q/kQL S
P
(Λ,Λ+βi),(Λ′,Λ′+βi)χMΛ′,Λ′+βj (τ), where
SP(Λ,Λ+βi),(Λ′,Λ′+βi) = |P/kQL|−1/2SΛ,Λ′e2pii
〈Λ+βi,Λ′+βj〉
k
and P stands for Parafermoin.
The main result in this paper is that the transformation formula for the branching
functions remains valid for the trace functions ZMΛ,λ(w, τ) with w ∈ K(g, k) :
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Theorem 6.2. Let Λ ∈ P k+ and i ∈ Q/kQL. Then for any w ∈ K(g, k)
(1) ZMΛ,Λ+βi (w, τ + 1) = e
2pii(
〈Λ+2ρ,Λ〉
2(k+h∨) −
〈Λ+βi,Λ+βi〉
2k
− k dim g
24(k+h∨)+
l
24
)
ZMΛ,Λ+βi (w, τ),
(2) ZMΛ,Λ+βi (w,
−1
τ
) = τwt[w]
∑
Λ′∈P k+,j∈Q/kQL S
P
(Λ,Λ+βi),(Λ′,Λ′+βi)ZMΛ′,Λ′+βj (w, τ).
Proof. (1) is straightforward. The proof (2) is divided in several steps.
(a) χLĝ(k,Λ)(w, h, q) converges to a holomorphic function χLĝ(k,Λ)(w, h, τ) for any w ∈
K(g, k) and h ∈ h where we have identified x ∈ g with x(−1)1 ∈ Lĝ(k, 0)1.
We denote the Virasoro vectors of Lĝ(k, 0), V√kQL and K(g, k) by ω
a, ωl and ωp and
denote the corresponding components of the vertex operators by La(n), Ll(n) and Lp(n)
respectively for n ∈ Z. Also denote the Virasoro central charges of Lĝ(k, 0) and K(g, k)
by ca and cp respectively. Then ca = l + cp.
Recall decomposition (5.3). Then
χLĝ(k,Λ)(w, h, q) = trLĝ(k,Λ)o(w)e
2piih(0)qL
a(0)−ca/24
=
∑
i∈Q/kQL
trV√
kQL+
1√
k
(Λ+βi)⊗MΛ,Λ+βi
o(w)e2piih(0)qL
a(0)−ca/24
=
∑
i∈Q/kQL
trV√
kQL+
1√
k
(Λ+βi)
e2piih(0)qL
l(0)−l/24trMΛ,Λ+βio(w)q
Lp(0)−cp/24
=
∑
i∈Q/kQL
χV√
kQL+
1√
k
(Λ+βi)
(h, q)ZMΛ,Λ+βi (w, q).
Note that χV√
kQL+
1√
k
(Λ+βi)
(h, q) converges to a holomorphic function χV√
kQL+
1√
k
(Λ+βi)
(h, τ)
[29] and ZMΛ,Λ+βi (w, q) converges to a holomorphic function ZMΛ,Λ+βi (w, τ) [36]. Thus
χLĝ(k,Λ)(w, h, q) converges.
For short, we set χΛ(w, h, τ) = χLĝ(k,Λ)(w, h, τ).
(b) By Theorems 3.3, 4.2 and Lemma 4.3 we have
χΛ(w,
h
τ
,
−1
τ
) = τwt[w]epiik〈h,h〉/τ
∑
Λ′∈P k+
SΛ,Λ′χΛ′(w, h, τ).
(c) Let L be a positive definite even lattice of rank l with bilinear form (, ). Recall
from [4] and [25] the lattice vertex operator algebra VL = M(1)⊗C[L] and its irreducible
modules VL+λi = M(1) ⊗ C[L + λi] where L◦ = ∪i∈L◦/L(L + λi). Then VL is a vertex
operator algebra satisfying V1-V3. In this case
χVL+λi (h, τ) = trVL+λie
2piih(0)qL(0)−l/24 =
θL+λi(h, τ)
η(τ)l
where
θL+λi(h, τ) =
∑
λ∈L+λi
e2pii(h,λ)q(λ,λ)/2.
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It is well known that {θL+λ|L + λ ∈ L◦/L} are linearly independent functions on h × H
where h = C ⊗Z L. Thus, {χL+λ|L + λ ∈ L◦/L} are linearly independent functions on
h×H. Using the transformation formula
θL+λ(
h
τ
,
−1
τ
) = (−iτ)l/2|L◦/L|−1/2epii(h,h)/τ
∑
λ′+L∈L◦/L
e−2pii(λ,λ
′)θL+λ′(h, τ)
and
η(−1/τ) = (−iτ)1/2η(τ)
we see that
χL+λi(
h
τ
,
−1
τ
) = |L◦/L|−1/2epii(h,h)/τ
∑
j∈L◦/L
e−2pii(λi,λj)χL+λj (h, τ).
Set SL+λ,L+λ′ = |L◦/L|−1/2e−2pii(λ,λ′) for L+ λ, L+ λ′ ∈ L◦/L. Also set
SL = (SL+λ,L+λ′)L+λ,L+λ′∈L◦/L
which is the S-matrix for the lattice vertex operator algebra VL.
(d) Let L =
√
kQL. Then L
◦ = 1√
k
P [1]. As in [29] we consider column vector
−−−−−−→
χ(w, h, τ) = (χΛ)Λ∈P k+,
−−−−−−−−→
χ√kQL(h, τ) = (χL+λ)L+λ∈L◦/L.
Let SA = (SΛ,Λ′)Λ,Λ′∈P k+ which is the S-matrix for affine vertex operator algebra Lĝ(k, 0)
(see Lemma 4.3). Also consider the matrix
Z(w, τ) = (ZMΛ,λ)Λ∈P k+,λ+L∈L◦/L
where ZMΛ,λ = 0 if λ does not lie in Λ +Q. From the discussion above we see that
−−−−−−→
χ(w, h, τ) = Z(w, τ)
−−−−−−−−→
χ√kQL(h, τ).
Performing the transformation of both sides by matrix
(
0 −1
1 0
)
we see that
τwt[w]epiik〈h,h〉/τSA
−−−−−−→
χ(w, h, τ) = Z(w,
−1
τ
)epiik〈h,h〉/τSL
−−−−−−−−→
χ√kQL(h, τ).
Or equivalently,
τwt[w]SAZ(w, τ)
−−−−−−−−→
χ√kQL(h, τ) = Z(w,
−1
τ
)SL
−−−−−−−−→
χ√kQL(h, τ).
The linear independence of functions {χL+λ|L+ λ ∈ L◦/L} implies that
τwt[w]SAZ(w, τ) = Z(w,
−1
τ
)SL.
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It is well known from [29] that SL is symmetric, unitary and S
−1
L = SL. In fact, these
properties hold for the S-matrix associated to any strong rational vertex operator algebra
[13]. Finally we deduce
Z(w,
−1
τ
) = τwt[w]SAZ(w, τ)SL.
(e) Comparing the (Λ, λ)-entries of the both sides gives
ZMΛ,λ(w,
−1
τ
) = τwt[w]
∑
Λ′∈P k+,λ′∈P/kQL
SΛ,Λ′Sλ,λ′ZMΛ′,λ′ (w, τ)
= τwt[w]|P/kQL|−1/2
∑
Λ′∈P k+,λ′∈P/kQL
SΛ,Λ′ǫ
2pii 〈λ,λ
′〉
k ZMΛ′,λ′ (w, τ).
Now we take λ = Λ + βi for i ∈ Q/kQL. Note that MΛ′,λ′ is nonzero if and only if
λ′ + kQL = Λ′ + βj + kQL for some j ∈ Q/kQL. As a result, we see that
ZMΛ,Λ+βi (w,
−1
τ
) = τwt[w]
∑
Λ′∈P k+,j∈Q/kQL
SP(Λ,Λ+βi),(Λ′,Λ′+βj)ZMΛ′,Λ′+βj (w, τ)
and the proof is complete. 
7. Connection with orbifold theory
Set H = 1
k
P. For α ∈ H we define gα = e2piiα(0) where we have identify h with h∗ via
the bilinear form 〈, 〉. Then gα acts on Lĝ(k,Λ) for any Λ ∈ P k+ such that
gαY (u, z)g
−1
α = Y (gαu, z)
for u ∈ Lĝ(k, 0). In particular, gα is an automorphism of vertex operator algebra Lĝ(k, 0).
Moreover, gα = 1 on Lĝ(k, 0) if and only if α ∈ Q◦. That is, G = H/Q◦ is an auto-
morphism group of Lĝ(k, 0). For each β ∈ Q we define an irreducible character µβ of G
such that µβ(gα) = gα(β). Following [15] and [8] we use Lĝ(k, 0)
µβ to denote the sub-
space of Lĝ(k, 0) which is a sum of irreducible G-submodule with character µβ. Recall
that Q = ∪i∈Q/kQL(kQL + βi). By Lemma 5.2, {µβi|i ∈ Q/kQL} gives a complete list of
inequivalent irreducible characters of G. The following result is immediate from [8].
Lemma 7.1. The Lĝ(k, 0) is a completely reducible V√kQL ⊗K(g, k)-module
Lĝ(k, 0) =
⊕
i∈Q/kQL
Lĝ(k, 0)
µβi ,
and Lĝ(k, 0)
µβi = V√kQL+ 1√
k
βi
⊗ M0,,βi is an irreducible module for V√kQL ⊗ K(g, k).
Moreover, if i 6= j then Lĝ(k, 0)µβi and Lĝ(k, 0)µβj are inequivalent.
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If Λ ∈ P k+ is not zero, Lĝ(k,Λ) is still a module for H but not a module for G unless
Λ ∈ Q. However, α 7→ g˜α = gαe−2pii〈α,Λ〉 gives a G-module structure on Lĝ(k,Λ). It is clear
that
g˜αY (u, z)g˜
−1
α = Y (gαu, z) (5.1)
on Lĝ(k,Λ). A generalization of Lemma 7.1 is the following:
Lemma 7.2. The Lĝ(k,Λ) is a completely reducible V√kQL ⊗K(g, k)-module
Lĝ(k,Λ) =
⊕
i∈Q/kQL
Lĝ(k,Λ)
µβi ,
and Lĝ(k,Λ)
µβi = V√kQL+ 1√
k
(Λ+βi)
⊗MΛ,Λ+βi is an irreducible module for V√kQL⊗K(g, k).
Moreover, if i 6= j then Lĝ(k,Λ)µβi and Lĝ(k,Λ)µβj are inequivalent.
We can strengthen Lemma 7.2:
Proposition 7.3. For Λ ∈ P k+ and i ∈ Q/kQL, Lĝ(k,Λ)µβi are inequivalent irreducible
V√kQL ⊗K(g, k)-modules.
Proof. From equation (5.1) we know that Lĝ(k,Λ) ◦ gα and Lĝ(k,Λ) are isomorphic
Lĝ(k, 0)-modules where Lĝ(k,Λ) ◦ gα = Lĝ(k,Λ) as vector spaces and YLĝ(k,Λ)◦gα(v, z) =
YLĝ(k,Λ)(gαv, z) for v ∈ Lĝ(k, 0). According to a general result in orbifold theory [23], [18],
Lĝ(k,Λ)
µβi are inequivalent irreducible V√kQL ⊗K(g, k)-modules. 
We can now express the trace functions ZMΛ.Λ+βi (w, τ) in terms of χΛ(w, α, τ) and the
characters of irreducible modules for lattice vertex operator algebra VL with L =
√
kQL.
For w ∈ K(g, k) we have
ZV√
kQL+
1√
k
(Λ+βi)
⊗MΛ,Λ+βi (w, τ) =
1
|Q/kQL|
∑
α∈G
trLĝ(k,Λ)o(w)g˜αq
L(0)−c/24e−2pii〈α,βi〉
=
1
|Q/kQL|
∑
α∈G
trLĝ(k,Λ)o(w)e
2piiα(0)qL(0)−c/24e−2pii〈α,βi+Λ〉
=
1
|Q/kQL|
∑
α∈G
e−2pii〈α,βi+Λ〉χΛ(w, α, τ).
This implies the following:
Proposition 7.4. For Λ ∈ P k+, i ∈ Q/kQL and w ∈ K(g, k) we have
ZMΛ,Λ+βi (w, τ) =
1
|Q/kQL|
η(τ)l
θ√kQL+ 1√
k
(Λ+βi)
(τ)
∑
α∈G
e−2pii〈α,βi+Λ〉χΛ(w, α, τ).
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